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Abstract

We provide two estimates of the charge-to-mass ratio of the electron, a quantity that determines the
motion of charged objects within electromagnetic fields. In one method, the ratio is calculated from
the curvature of an electron beam within a uniform magnetic field. The other estimate is made from
determining when the electric field and magnetic field exert equal forces on an electron. The resulting
measurements suggest a charge-to-mass ratio significantly different from the accepted value. Uncertainty
in determining electron beam trajectories and other sources of error are discussed.

Introduction

The effect of a force on the motion of an electron is de-
termined by its mass, and the effect of an electric field
or magnetic field on the electron is determined by its
charge. The small size of the charge and especially
the mass make the quantities difficult to determine
in isolation. Though the elementary charge could be
estimated near the time the electron was discovered
(such as by Thomson in 1899 or Millikan in 1909),
the mass could not be measured directly. Instead,
the mass was determined using the electron’s charge-
to-mass ratio e/m. J. J. Thomson’s discovery of the
electron was prompted by observing the same value
of this ratio for cathode rays and photoelectrons!.
The classical dynamics of charged objects can be
fully described by the charge-to-mass ratio of the ob-
ject. The Lorentz force experienced by a charge is

F=q(E+v xB).

Using Newton’s second law, this can be expressed in
terms of the charge-to-mass ratio:

a= —g-(E +v x B).
m
When the charge is an electron, its charge-to-mass ra-

tio gives the relationship of the electron’s acceleration
and the fields it moves through:

a=—%(E+va). (1)

The accepted value? for the charge-to-mass ratio of
the electron is

e/m = 1.75882001076 + 0.00000000053 C kg ™".

This way of formulating the Lorentz force allows
us to verify the charge-to-mass ratio using simple

physical situations. For example, in a uniform mag-
netic field with no electric field, (1) becomes

e
a= —E(v x B).

When the electron’s velocity is perpendicular to the
direction of the magnetic field, the acceleration of the
electron is perpendicular to its velocity with a mag-
nitude of .
a=—vB.

m
‘Within the uniform field, this creates uniform circular
motion, described by a centripetal acceleration of
v2
7
By substituting these equations into each other, we

can find the electron’s charge-to-mass ratio given its
radius of curvature:

a=

e v

A 2

m BR @)
An electron gains velocity by moving through some
electric potential difference AV, and conservation of
energy describes the exact velocity gain as

AT+ AU = %m(A'u)2 —eAV =0.

If the electron begins at rest within the region with a
potential difference, the velocity it has when it leaves
the region is

3

Substituting the velocity into (2) relates the charge-
to-mass ratio with the accelerating potential:

e 2AV
m = B @

The electron charge-to-mass ratio can also be
found by examining motion in a simultaneous uni-
form electric field and uniform magnetic field. When

ve[22AV.
m



an electron is moving at constant velocity, its accel-
eration is zero, so (1) shows us that

E=-vxB,

which for perpendicular velocity and electric and
magnetic fields takes the form

E=vB.

Again beginning with an electron accelerated through
a potential difference, we can substitute (3) for the
velocity to find

e 1 E?
m  2AV B2 ()

We use these two situations - an electron curv-
ing within a uniform magnetic field, and an electron
maintaining constant velocity in perpendicular elec-
tric and magnetic fields - to compute the charge-to-
mass ratio of the electron to some level of uncertainty.
We compare this to the accepted value above and ex-
amine the source of differences between the estimates.

Field Calibration Details

In the two experiments measuring the electron
charge-to-mass ratio, a beam of electrons is fired
through electric fields generated by parallel conduct-
ing plates and magnetic fields produced by Helmholtz
coils. Taking the charge-to-mass ratio measurement
requires that the field strengths are known. We want
a simple way to estimate field strengths from quan-
tities we can control. To determine the electric field
strength, a beam of electrons is sent in the +z di-
rection through the field produced by the plates at
a potential difference of AV. The plates are aligned
so that the electric field is nearly uniform in the —y
direction. The vertical acceleration of the electrons
is given by (1) as

dy e
2 m
which produces a beam position of

el
= ——¢2
y 2m

(6)

for electrons with initial vertical positions and ve-
locities of zero. Due to there being no horizontal
electric field component, the electrons move with a
constant horizontal velocity given by (5). The veloc-
ity is reached by emitting electrons from a cathode
and accelerating them through the potential AV, n0de
of the anode. Defining z = 0 to be the location of

an electron at ¢ = 0, the horizontal position of an
electron is given by

=4/ 2£AVanode t.

m

(M

By solving (7) for t and substituting the result into
(6), the path the beam traces through space is shown:

y= £ z?
4A Vanode ’

If the slope of the regression line for y against z? is
s, then the trajectory gives the electric field strength

using
E = 48AV n0de- (8)

With this experimental setup, electric field
strength is altered by varying the potential difference
across the plates. The infinite-area plate approxima-
tion for the field strength between plates a distance
d apart is AV/d. The actual electric field is weaker
than this approximation. We will assume it is weaker
by some proportion 3 so that

©)

The constant 8 can be found by using the field
strengths determined with (8) in a linear regression
model on (9). When making electric field measure-
ments to find the charge-to-mass ratio, (9) can be
used to obtain the field strength from the potential
difference applied to the plates.

The magnetic field strength is determined from
the properties of the Helmholtz coils. The coils pro-
duce a magnetic field with a strength proportional to
the current through the coils:

AV
E=ﬂ—d—.

B=kI. (10)

Unlike the electric field, the magnetic field can be di-
rectly measured using a Gaussmeter. Recording the
magnetic field produced by various current strengths
allows & to be found by a regression model on (10).
This model can be used to find the magnetic field
strength in situations where the current is varying
between trials.

Experimental Methods

The parallel plates are positioned within the
Helmholtz coils so that the electric field they pro-
duce is perpendicular to the magnetic field from the
coils, shown in Figure 2. To determine the electric
field strength for a given potential difference across
the plates, the distance between the plates and ac-
celerating anode voltage is measured. The plates are
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given a potential difference, and the electron beam
is fired through the resulting electric field parallel to
the surface of the plates, producing a parabolic tra-
jectory (Figure 3). The vertical displacement of the
beam is recorded at many positions. This process is
repeated for different potential differences. To deter-
mine the magnetic field strength for a given current
through the Helmholtz coils, the Gaussmeter probe
is aligned with the axis of the coils. The produced
field is recorded for many current strengths.

The first electron charge-to-mass ratio estimate is
made using the trajectory of an electron through a
uniform magnetic field. A current is pushed through
the Helmholtz coils, and the electron beam is fired
through the resulting magnetic field perpendicular to
the axis of the coils. The position of the beam is
recorded at many points along the circular trajectory
(Figure 4). This process is repeated for different cur-
rents.

The second electron charge-to-mass ratio estimate
is made using the trajectory of an electron though
perpendicular uniform electric and uniform magnetic
fields. A potential difference is applied across the
plates, and the electron beam is fired parallel to the
surface of the plates and perpendicular to the axis of
the coils. The current through the Helmholtz coils
is adjusted to straighten the trajectory of the beam.
The lowest and highest currents for which the beam
appears straight are recorded (Figure 5 and Figure
6).

Figure 1: A diagram of the setup for the field deflec-
tion experiments.

Figure 2: The setup used for the field deflection ex-
periments.

Figure 3: Electron beam deflection in an electric field
produced by a 3.0 kV potential difference.

Figure 4: Electron beam deflection in a magnetic field
produced by a 600 mA current.
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Figure 5: The beam produced by the current lower
limit for a straight line in an 1800 V potential differ-
ence.

Figure 6: The beam produced by the current upper
limit for a straight line in an 1800 V potential differ-
ence.

Data Analysis

To handle measurement uncertainty when relating
two quantities, the regression models use the slope
estimate

Ei W Zi WiTiYs — Ei Wi Ty E, Wi Y,

3 =
= (11)
_ Zz Wy
Qg = \/ =N
with

2
A= Z w; Z wia:? - (Z wia:i)
i i i

w; = (o, — spal,) ™"

50— N3 Ty — D% ) ¥
NY, 22— ()

where N is the number of points being considered
and o4 is the uncertainty in some quantity A. To
maximize accuracy, the regression is iterated using
the value of s for sg in the next iteration. This is re-
peated until the slope does not change any significant
figures.

To determine the relationship between electric
field and potential difference, a linear regression on
(8) is performed using the model (11) (Figure 7). The
result is used to create a regression model on (9),
yielding 8 (Figure 7). To determine the relationship
between magnetic field and current, a linear regres-
sion on (10) is performed using model (11), yielding
k (Figure 9).

Determining the electron charge-to-mass ratio for
the deflection by a magnetic field requires determin-
ing the radius of curvature of the beam. The electrons
are assumed to follow a circular trajectory described
in the experiment’s coordinate system by

@®+(y— R’ = R
which gives a radius of

z2 4 42
R=1 L (12)

Using the error propagation expressions

Z=A+B: az=./d}+c%
Z=AxB: 2= (0‘7“‘)2+(a—3)2 (13)
oo [2]- b

the uncertainty in R is

(zaz)? + (yoy)?

ap=Ry/4 @ + 47

2
&y

+ ( ” ) . (14)
Every point along the trajectory (z;,y;) suggests
some radius of curvature R; given by (12) (Figure
10) with measurement uncertainty given by (14).
Though this measure of uncertainty propagates tra-
jectory measurement error through the expression, it
does not account for other kinds of experimental er-
rors. These experimental errors may be especially
pronounced near the electron source, as problems
such as beam misalignment contribute more to the
trajectory there than the effect of magnetic force de-
flection. Therefore, the estimated radius of curvature
for a particular current is taken to be the mean R of
three points far along the beam path. Their standard
error is calculated, and this radius variation is pooled



with the greatest measurement uncertainty from (14)
to get a total uncertainty of

ap = /(max(ar,))? + (SER?.  (15)

To find the electron charge-to-mass ratio from
this, equation (4) is rearranged to

BQ — 2AVa.node _i

(e/m) R?

(16)

with errors
apr =2Bap and az-2 = 2R 3ap

calculated using (13). This is used for a regression of
B? against R~2 (Figure 11). The regression model
(11) on (16) provides a slope estimate

— 2AVanode
(e/m) ’

which then provides an estimate of the charge-to-
mass ratio

€ _ 2AVanode
m s

B e el 0
o AV U
e/ mM<A%node) * ( 8 ) ’

Finding the electron charge-to-mass ratio from
balanced electric and magnetic fields requires deter-
mining when the forces are balanced, indicated by
the electron beam having a straight trajectory. From
the upper and lower current bounds on straightness,
the mean of the currents is taken to be the current
that balances the forces. The uncertainty in this cur-
rent covers the range between the upper and lower
bounds. This gives values for I, which can be con-
verted to B using (10). Similarly, the values for AV
are used to get F using (9).

Taking the squares of these values with uncertain-
ties propagated according to (13), a relationship can
be found between the fields and the charge-to-mass
ratio. Rearranging (5) gives

_ 1 2
= AVamalefm) (18)

The regression model (11) applied to (18) (Figure 12)
gives a slope estimate of

B2

1
B 2A‘/anode (e/m) ’

which produces the electron charge-to-mass ratio es-
timate

8

e 1
m B 23A‘/anode
QAV

2
o (o) s (2

(19)

Qe/m =

Results

The field calibration constants are calculated from (9)
and (10) to be

B =0.76 +0.06
k = (2.059 + 0.002) x 10—3%.

Using these, the electron charge-to-mass ratio is cal-
culated from magnetic field deflection in (17) to be

e C
— =(2.01+0. 1=
= (2.01 £0.03) x 10 ke

and the ratio from the force balancing experiment
using (19) is

e C
— =(1.16 £ 0.20) x 101 =
m ( ) % kg
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Figure 7: Beam trajectories in the electric field. The
blue points are the trajectory in a potential difference
of 1.0 kV, the orange points for 3.0 kV, and the gray
points for 4.3 kV.
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Figure 8: Electric field strength against the infinite
plate approximation.
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Figure 10: Beam trajectories in the magnetic field.
The blue points are the trajectory in a field from a
0.300 A current, orange from a 0.601 A current, gray
from a 0.901 A current, and yellow from a 1.210 A
current.
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Figure 11: Comparison of the inverse square of the
radius of curvature to the squared magnetic field
strength when only a magnetic field is present.
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Figure 12: Comparison of squared electric field

strength and squared magnetic field strength in the
force balancing experiment.

Discussion

The accepted value of the electron charge-to-mass ra-
tio falls outside the uncertainty bounds from both
experiments. In the magnetic deflection experiment,
there are two sources of error that could likely ac-
count for this disparity. The first is the assumption
of a uniform magnetic field. The estimate for mag-
netic field strength along the axis of the Helmholtz
coils has low uncertainty, with the only error coming
from instrument precision and the positioning of the
Gaussmeter probe. However, altering the position
of the probe led to variation in the magnetic field
reading. This indicates a non-uniform magnetic field
between the coils. The effect of this non-uniformity
over the length of the beam trajectory is slight, but
they could have an effect on the estimated radius of
curvature. Since the radius of curvature is sometimes
estimated to be much greater than the beam length,
a slight deviation would see its effect multiplied as
the path is extended to a full circle.

There is also error introduced by the method
of determining radius of curvature. The trajectory
model (12) assumes the beam is fired parallel to the
horizontal axis in the coordinate system used. How-
ever, the experiment setup only allows a beam mis-
aligned with the axis, dropping about 0.2 centimeters
vertically across 8 centimeters horizontally. The re-
sult of these two sources of error, along with any other
environmental interference, is that the estimated ra-
dius of curvature changes along the trajectory (Figure
13). This is our rationale for using only the final three
points measured along the beam path: the effect of
this variation is less pronounced at greater horizontal
displacements. Still, a perfect model would display
no significant variation in the radius of curvature.

The experiment balancing electric and magnetic



forces is subject to the same concern of a non-uniform
magnetic field. However, non-uniformity of the elec-
tric field creates more obvious errors. As the beam
reaches the edge of the region between the plates, it
widens, a phenomenon visible in Figure 3. This is
likely an effect of the horizontal force applied on the
electrons by the fringe field, broadening the beam.
This explanation is supported by the broadening be-
ing more pronounced at high potential differences.
Also with large potential differences, the beam cycles
through jumping toward the plate and moving back
to its original position. We speculate that beam is
interacting with charges on the plate and causing the
distribution to change. These effects lead to greater
uncertainty at high electric fields as shown in Fig-
ure 12. This also led to an outlier that lowered the
charge-to-mass ratio estimate by about four percent,
which we discarded.

Fixing these systemic errors would require a dif-
ferent experimental setup. Using larger plates and
Helmholtz coils would lessen many issues. A larger
region of roughly uniform fields would be produced,
a more accurate measurement of radius of curvature
could be made, and the beam would be far away from
the plates for a greater part of its trajectory. Re-
aligning the electron beam to be parallel with the
horizontal axis would improve the accuracy of the ra-
dius determination method. Alternatively, different
models for radius of curvature can be explored.
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Conclusions

We have provided two methods for measuring the
electron charge-to-mass ratio by examining the tra-
Jjectory of electrons traveling through electromagnetic
fields. Our implementation of the methods led to es-
timates that disagree with the accepted value. By
creating an experimental setup that maximizes uni-
formity of the fields, a better result can be achieved.
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Data Tables
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Table 1: Data and analysis for electron beam trajectory in an electric field, used to determine S.
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Table 2: Data and analysis for magnetic field calibration, used to determine &.
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0.082 0.0005 0.0195 0.0005 0.103314103 0.00323892|
0.058 0.0005 00266 00005 0.10021729% 0.00233076]
Trial4
current {A): E01Y current ersor: 0.007
w(m) nercor yim) y eror estimated radius of curvatuse (m) radius error| Using lest three measurements
0.02 0.0005 0.004 0.0005 052 0.00698212| mem A 0.078201142
0024 4.0005 0.0052 00005 0.057984515 0.00605483| SEafR 0.001124841
0.028 0.0005 0.0066 0.0005 0.062653939 0.00522568] max uncertzinty 0.003180323
0032 0.0005 0.0081 0.000% 0.067259877 0.0045249 pooled e:ror 0.003373385
0.036 0.0008 0.0096 0.0005 0.0723 000423622
a04 0.0005 00115 0.0005 7
0.044 0.0005 0.014 0.0005 0.076142857 000318032
0.048 0.0005 0.0164 0.0005 0.078443902 0.00284303|
0.052 0.0005 0.0192 00005 0.080016667 0.00253493
0.056 0.0005 00225 0.0005 0.080938385 0.0022436
Caeutation of g/m
Rim} Rerror BiT) Bemor RY-2) RA-2} error 842 B2 meror weight -x "y wrtl ey
0304213131 0.02756251S  0.000617567 415608 1076299302 154647079 381389507 512809 LI7E516  4.05E417 1446410 4366418 155411
0.164420571 0.00454134 1.24E-03 A2%E05 36.96330472 20411779  1.53064E-05 105608
0.10434379% D.004431356  0.001354753 B3SE06 50.37341652 77769636 134013805 310608
0078201142 0.003373385 0.002450853 1ASEDS 1635212031 141077116 6.204358-06 7.256-08
A ABOE+1E  BBEEH17 3305410 3046419 1.18E:12
current-field proportion k  0.002058556 Initial slope estimats; 37695508
kerror 1.636-06 Rerated slope eximate: 295610
anode voitage (V) 4000 dehta; 70235 charge-to-mass ratio esvimate [C/Kg): 2016411
ancde voltage error 50 weighted slope: 3.996-08 change-to-mass ratio eror 2836409
slope uncertainty: 28028110

Table 3: Data and analysis for electron beam trajectory in an electric field, used to make the first charge-
to-mass ratio estimate.

voitage (V) vollageesvor  currend [A) current mezsurement error upper limit current  Towsy
200 50 o012 00005 0074 0003
400 50 00e o0ms (3> 0037
500 50 .14 0.0005 oass 0.087
200 50 0348 2.0005 0204 0.337
1000 0 0.209 0001 o822 0156
1200 50 0283 0001 0315 0.208
1400 50 Q3068 0001 LE] o282
1800 50 o4 0001 0467 0382
2200 50 058 0001 0.706 095
wohtage-field preportion (beta):  0.76470505 error: 006474159 piate separation [m): 0.055
current-field peopoetion (k):  0.002058556 error: 163E06 ‘separation error 00005
slectric flaid Efiederror  magnetic fieid B-field error &2 E42 error 842 B'2srror weight wr wy w2 ey
2780760182 TIAO5I603  2.925M4E05 73078805 77628y 4084415320 G109 LISEEOR 3
5561.520364 8411558775  0.000163855 B4S8TEDS 30930508 75 9356211084 26783508 2.064E-0B 1.0841E+15 3.35331£422 290356494 10372630 SSSITE+1A|
2342280545 9335118291  0.000252466 833712605 695936447 1658298263 SO8883F-0R 4.376E-08 4420AE414 3111156427 3079518332 2165)6E¢30 2.14322E+15)
1112308073 1174863925  0.000350984 629622605 123722038 2613511858 12319607 4841608 1302424
13903.80091 1372508143  0.000430444 0.00010931 1933156797 3317728186 1ESMIEH7  SAIE-OR  S4AG8Ee13 1330866+22 1754583283 353B95E+X0 3,
16684 56109 1551.536905  0.000538312 0.000110234 183745783 S52777835.12 29788-07 1186E-07 S.7747Es13 160754422 1673403245 447458£+30 4.65833F+1S)
1946532127 1797.331587  0.000642318 6.35173e-05 TR 3 89571273.56 A.151596-07 8224508 3.0073E413 3033976422 3324313493 1149576611 1.25958E416|
25026.34164 2241.524687 0000853271 0.000108076 626342023 112196586.7 738072607 1BHMED7 2051BE+13 1285145422 14535647.72 $,04935E+30 9.35671E+15
30688362 2695-732334 0003243300 0000213034 9356475358 Fo45150554 ASABIE06  SIMIEDT 2 (]
sums:  86091E¢15 231905623 2223684711 3.60217€+31 3821056418
first slope estimate: 1.16323E-15 snode vohage (V- 4000
kersted slope estmate. 1.08E-15 ancde voltage uncertainty: 50
dela: 2,563356+47
weighted slope estimate LOR2I4E-15 chanpe-10-mass ratio estimate (C/ugl: 115512E+11
weightad slope error: 183263616 charge-t0-mass ratic error: 19615532036

Table 4: Data and analysis for electron beam trajectory in simultaneous electric and magnetic fields, used
to make the second charge-to-mass ratio estimate.



